dgl.nb

Differentialgleichungen analysieren

m Analyse mit NDSolve

Die folgende Gleichung hat wirklich nur die Lésung y[x]=Sin[x], wenn man eine auf ganz R definierte sucht. Das wird deutlich, wenn man die numerischen
Loésungen mit NDSolve und verschiedenen Anfangswerten berechnet. Die néhern sich alle der Standardlésung an.
Das sah in der Version 4.1 noch deutlich komplizierter aus.

eqn =y’ [x] = Cos[x] +Yy[x] Sin[x] -y[x]?

sol =DSol ve[eqn, y, x] // Sinplify;

y[x] /. sol //Simplify

{Sin{x]}

Wir wollen das mit NDSolve Uberprifen.

NDSol ve[eqgn, y, {x, 0, 20}]

NDSol ve: : ndnco:
The nunber of constraints (0) (initial conditions) is not
equal to the total differential order of the system (1).

NDSol ve [y’ [x] = Cos[x] +Sin[x]y[x] -y[x]%, vy, {x, 0, 20}]

nsol = Joi nee Tabl e[NDSol ve[eqn &y [0] =i, Yy, {x, 0, 20}1, {i, O, 2, .3}]
{{y > Interpol ati ngFunction[{{0., 20.}}, <>1},
{y - Interpol ati ngFunction[{{0., 20.}}, <>]},
{y - Interpol ati ngFunction[{{0., 20.}}, <>]},
{y > Interpol ati ngFunction[{{0., 20.}}, <>},
{y - Interpol ati ngFunction[{{0., 20.}}, <>]},
{y - Interpol ati ngFunction[{{0., 20.}}, <>]},
{y > Interpol ati ngFunction[{{0., 20.}}, <>]}}
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eqn /. nsol

{I'nterpolatingFunction[{{0., 20.}}, <>][x] =
Cos [x] +Sin[x] I nterpol ati ngFunction[{{0., 20.}}, <>][X] -
I nterpol ati ngFunction[{{0., 20.}}, <>][x]%,

Interpol ati ngFunction[{{0., 20.}}, <>][X] =
Cos [x] +Sin[x] I nterpol atingFunction[{{0., 20.}}, <>][X] -

Interpol ati ngFunction[{{0., 20.}}, <>] [x]2,

I nterpol atingFunction[{{0., 20.}}, <>][X] =

Cos [x] +Sin[x] I nterpol atingFunction[{{0., 20.}}, <>][X] -
Interpol ati ngFunction[{{0., 20.}}, <>] [x]2,

I nterpol ati ngFunction[{{0., 20.}}, <>][X] =

Cos [x] +Sin[x] I nterpol ati ngFunction[{{0., 20.}}, <>][X] -
I nterpol ati ngFunction[{{0., 20.}}, <>][x]%,

I nterpol ati ngFunction[{{0., 20.}}, <>][X] =

Cos [x] +Sin[x] I nterpol atingFunction[{{0., 20.}}, <>][X] -
Interpol ati ngFunction[{{0., 20.}}, <>] [x]2,

I nterpol atingFunction[{{0., 20.}}, <>][X] =

Cos [x] +Sin[x] I nterpol atingFunction[{{0., 20.}}, <>][X] -
I nterpol ati ngFunction[{{0., 20.}}, <>][x]?,

I nterpol ati ngFunction[{{0., 20.}}, <>][X] =

Cos [x] +Sin[x] I nterpol ati ngFunction[{{0., 20.}}, <>][X] -

I nterpol ati ngFunction[{{0., 20.}}, <>][x]?}
egqn /. nsol /. x-0.1

(Fal se, Fal se, Fal se, Fal se, Fal se, Fal se, Fal se}

Probe mit den N&herungswerten

eqn[1] - eqnf2] /. nsol /. x»0.1

{3. 10781x 1077, -1.20047 x1077, 5.39979x10°8,
2.08514x 107, -2.56219x10°°, 3.99217x10°, -2.43506x10°}

Tabl e[Chop[#, 107*] &/@ (eqn[1] - eqn[2] /. nsol /. x »i), {i, 0, 20}]

{{o0, o, o, 0, 0, 0, 0}, {0, 0, O, O, O, O, O}, {O, O, O, O, O, O, O},
{0, o, 0, 0, 0, 0, O}, {0, 0, O, 0, O, O, O}, {O, O, O, O, O, O, O3,
{0, o, 0, 0, 0, 0, O}, {0, O, O, O, O, O, O}, {O, O, O, O, O, O, 0O},
{0, 0, 0, 0, 0, 0, O}, {0, O, 0, O, 0, O, 0}, {O, O, O, O, O, 0, 0}, {0,
{0, o, 0, 0, 0, 0, O}, {0, O, O, O, O, O, O}, {O, O, O, O, O, O, O}, {O,
{0, 0, 0, 0, 0, 0, O}, {0, O, 0, O, 0, O O}, {O, O, O, O, O, O, 0}, {0,

[e)o)e]
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Pl ot [y[x] /. nsol, {x, 0, 20}]
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Lésungen mit einem Fourierreihenansatz suchen:

n=7;

ansatz = (ag + Sum[a; Cos[i x] +b; Sin[i x], {i, 1, n}]);

vars = {ap, Table[{a;, bj}, {i, 1, n}]} // Flatten;

eqnl = egn[l] - eqgn2] /. {y[x] » ansatz, y’ [x] » D[ansatz, x]}

-Cos[x] -Sin[x]a;-2Sin[2x]a;-3Sin[3x]az-4Sin[4x]as-
5Sin[bx]as-6Sin[6x]as-7Sin[7x]a7+Cos[x]by+2Cos[2x] by +
3Cos[3x]b3+4Cos[4x]bsg+5Cos[5x]bs+6Cos[6x]bg+7Cos[7x]b7s-Sin(x]
(ag +Cos[x]a; +Cos[2x]a, +Cos[3x]az+Cos[4x] as+Cos[bx]as+Cos[6x]asg+Cos[7x] ar
Sin[x] by +Sin[2x]by+Sin[3x]bs+Sin[4x]bs+Sin[5x]bs+Sin[6x]bg+Sin[(7x]by)+
(ap +Cos[x] a; +Cos[2x] az +Cos[3x]az+Cos[4x] as+Cos[5x]as+Cos[6x]asg+Cos|[7x]ar+
Sin(x]b;+Sin[2x]b,+Sin[3x]bz+Sin[4x]bs+Sin[5x]bs+Sin[(6x]bg+Sin(7x]by)?

+

sys = Coef ficientList[eqnl, Flatten[Table[{Sin[i x], Cos[i x]}, {i, 1, n}]1] //Flatten//
Uni on

o, a3, a3, 2aya», a3, 2ajas, 2aras, a3, 2ajas, 2apa,, 2asas, a3, 2aias, 2ay as,
2azas, 2asas, a2, 2a;as, 2azas, 2azae, 2azas, 2asas, a3, 2aiay, 2azay,
2azay, 2asay, 2asay, 2agay, a%, -1+2ag a1+b1, -—apg-a; +2ag bl, —a; +2a; bl,
—ap +2axby, —ag+2azby, —ag+2a4by, ~as+2asb;, -ag+2agby, -a7 +2ay by,
7b1+b%, 2a; b2, 2 ar bz, 2 as bz, 2 ay b2, 2 as bz, 2 ag b2, 2 az bz, b%, 2 ag a2+2b2,
-2ax+2aghy, -bp+2by1 by, 2a; b3, 2asbs, 2azbs, 2a4 bz, 2asbs, 2asbs, 2asbs,
2b2 b3, b%, 2ao a3+3b3, —3a3+2a0 b3, —b3+2b1 b3, 2&1 b4, 2&2 b4, 283 b4,

2 ay b4, 2 as b4, 2 ag b4, 2ay b4, 2b2 b4, 2b3 b4, b‘21, 2 ag a4+4b4, -das+2ag b4,
-bg+2by by, 221 bs, 2a,b5, 2az3bs, 2a4bs, 2asbs, 2asgbs, 2az bs, 2by bs, 2bj bs,
2b4 b5, b%, 2ao a5+5b5, —5a5+2a0 b5, 7b5+2b1 b5, 2a1 be, 2a2 be, 2a3 be,

2 a, be, 2 as be, 2 ag be, 2ay be, 2b2 be, 2b3 be, 2b4 be, 2b5 be, bg, 2 ap a5+6b6,
-6ag+2ap bﬁ, —b6+2b1 be, 2 a; b7, 2 ar b7, 2 as b7, 2ay b7, 2 as b7, 2 ag b7, 2 as b7,
2b2 b7, 2b3 b7, 2b4b7, 2b5 b7, 2b5 b7, b%, 2aoa7+7b7, -7a7 +2ap b7, —b7+2b1 b7}
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sol = Reduce[sys == 0, vars] // Sol ve

{{aoﬁo, alﬁo, 32%0, 33%0, a4»0, 3590,
ag -0, a; -0, blel, bzﬁo, b3»0, b490, bsﬁo, bG%O, b7%0}}

ansatz /. sol

{Sin[x]}

m Ein komplexes Beispiel
eqn =xy[x] (y[x]y' [x]+x)+x?-y[x]?y’ [x] ==0;
yO[x_]1 =First[y[x] /. DSol ve[eqn, y, x]1]1 // Sinplify

Sol ve: :tdep:

The equations appear to involve the variables to be sol ved
for in an essentially non-al gebraic way.

1 1
I nverseFunction|Log[l+#11] -2 (1 +#1) + 5 (1+m1)2 &} [E (3-2x-x*+2C[1] —2Log[—1+x})]
Eine symbolische Lésung mit der Randbedingung y[0]=4 kann Mathematica nicht finden.

DSol ve[eqn && Yy [0] =4, Yy, X]

Sol ve: :tdep:

The equations appear to involve the variables to be sol ved
for in an essentially non-al gebraic way.

DSol ve: : bvnul :

For some branches of the general solution, the given boundary
conditions lead to an enpty sol ution.

{3

eqn lasst sich einfach nach y’[x] auflésen, womit sich das Vektorfeld der Dgl. berechnen lasst.

sol =Solveleqn, y’ [X]1];
viy =First [y’ [x] /. sol /. y[x] -»VY]

-x%2 -x%y
(-1+x) y?
frameTicks = {{-1., -.5, 0, .5, 1.}, Automatic, None, None};

nyPl ot Opti ons = {Frame -> True, Axes -> None, FrameTi cks -> franmeTi cks};
Needs[" Vector Fiel dPl ots' "]

vi[a_, b_, opts___?OptionQ] : =VectorFieldPlot [{1, vfy}, {x, -1, .9}, {y, a, b}, opts];



dgl.nb

Graphics —Optionen haben leider uiberhaupt keine Auswirkungen, obwohl angeblich doch.

Show[vf [-3, 3, PlotPoints ->20], nmyPl ot Opti ons, AspectRatio->1]
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Die bisherige Analyse hat gezeigt, dass in der Nahe von x=1 Instabilitdten zu erwarten sind, wahrscheinlich eine Polstelle. Deshalb wollen wir Lésungen im
Bereich —1<x<0.9 fiir verschiedene Anfangswerte y[0]=c studieren.

NDSol ve[eqn && Yy [0] =4, Yy, {x, -1, .9}]

{{y = Interpol atingFunction[{{-1., 0.9}}, <>1}}

Fir Anfangswerte c= 2hat NDSolve keine Probleme, eine Losung uber den ganzen uns interessierenden Bereich zu generieren. Diese passt auch gut in
das Vektorfeld der Dgl.
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nsol 1 = Tabl e[NDSol ve[eqn &Yy [0] =c, Yy, {X, -1, .9}1,

y - I nterpol ati ngFuncti on
y - I nterpol ati ngFuncti on

{

y = I nterpol ati ngFuncti on
y - I nterpol ati ngFuncti on -1.,

Eine Art Probe.

Pl ot [First [egn] /. nsol 1[1], {x, -1,

0. 00003 |-

0. 00007

{{ [{{-1., 0.9}} 11}
{{ [{{-1., 0.9}}, 11}
{{y > Interpol ati ngFunction[{{-1., 0.9}}, <>]}},
{{ [{{-1., 0.9}} 11}
{{ [{{-1., 0.9}} 11}

0. 00007}

/\/\/\/\ .A ﬂ\/\/.\/\f\(\(\m o1 !

{c, 2, 4,

-1.0 U\/VV"\0$VVUVVVWNV

~0. 00002}

~0. 00003 |

Und hier die Lésungen selbst.

-0. 00001,

- 5}1]

I\
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pl=Plot [y[x] /. nsoll, {x, -1, .9}1;
Show[pl, vf [2, 4.5], nyPl ot Options]
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Fir Anfangswerte in der Nahe von c=0 hat NDSolve Probleme, weil die Lésung nicht Uiber das ganze Gebiet ausgedehnt werden kann. Das ist mit Blick auf
das Vektorfeld auch nicht weiter verwunderlich. Uber die Stelle xo mit y[xo] = 0 lasst sich die Lésung nicht sinnvoll fortsetzen.

nsol 2 = Tabl e [NDSol ve[eqn &Yy [0] =c¢c, Yy, {X, -.3, .9}], {c, 0.06, 0.2, .02}]

NDSol ve::ndsz: At x == -0.0599997, step size is
effectively zero; singularity or stiff system suspect ed.
NDSol ve::ndsz: At x == -0.0799997, step size is
effectively zero; singularity or stiff system suspected.
NDSol ve::ndsz: At x == -0.0999997, step size is
effectively zero; singularity or stiff system suspected.
Ceneral ::stop: Further output of
NDSol ve: :ndsz will be suppressed during this cal cul ation.
{{{y » Interpol ati ngFuncti on[{{-0.0599997, 0.9}}, <>1}},
{{y > I nterpol ati ngFunction[{{-0.0799997, 0.9}}, <>]}},
{{y > I nterpol ati ngFunction[{{-0.0999997, 0.9}}, <>]}},
{{y > InterpolatingFunction[{{-0.12, 0.9}}, <>]}},
{{y > I nterpol ati ngFunction[{{-0.14, 0.9}}, <>]}},
{{y > I nterpol ati ngFunction[{{-0.16, 0.9}}, <>]}},
{{y > InterpolatingFunction[{{-0.18, 0.9}}, <>]1}},
{{y > Interpol ati ngFunction[{{-0.2, 0.9}}, <>]}}}



dgl.nb

p2 =Pl ot [y[x] /. nsol 2, {x, -.3, .9}];
Show[p2, vf [-1, 2.2], myPl ot Options, Pl ot Range » {-1, 2}]

I nt er pol ati ngFuncti on: : dnval :
I nput value {-0.299975} |lies outside the range of data in
the interpolating function. Extrapolation will be used.

I nt er pol ati ngFunction: : dnval :
| nput value {-0.299975} lies outside the range of data in
the interpol ating function. Extrapolation will be used.

I nt er pol ati ngFuncti on: : dnval :
I nput value {-0.299975} |lies outside the range of data in
the interpolating function. Extrapolation will be used.

General ::stop:
Further output of |nterpolatingFunction::dnval wll be
suppressed during this cal cul ation.
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Fur Anfangswerte c<—2 werden ebenfalls plausible L6sungen im ganzen uns interessierenden Bereich gefunden.

nsol 3 = Tabl e [NDSol ve[eqn &Yy [0] =c, Yy, {x, -1, .9}1, {c, -4, -2, .3}]
{{{y »Interpol ati ngFunction[{{-1
{{y > I nterpol ati ngFunction[{{-1
{{y » Interpol atingFunction[{{-1.
{{y > I nterpol ati ngFunction[{{-1.
{{y > I nterpol ati ngFunction[{{-1
{{y » InterpolatingFunction[{{-1
{{y > Interpol atingFunction[{{-1

OO O0OO0OO0OO0OO0O

[{e}
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p3 =Plot [y[x] /. nsol 3, {x, -1, 1}1;
Show[p3, vf [-5, -2], nyPl ot Opti ons]
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Im Bereich —2.2<c<0.5 sehen wir noch einmal deutlich, dass NDSolve eine Ldsung generell nicht tiber die Stelle y=0 hinweg verlangern kann, ansonsten
aber plausible Lésungen liefert.

nsol 4 = Tabl e [NDSol ve[eqn &Yy [0] =c¢c, Yy, {X, -1, .9}1, {c, -2.2, 0.5, .3}]

NDSol ve: : ndsz :
At X == 0.6999996454469152‘, step size is effectively zero;
singularity or stiff system suspected.

NDSol ve: : ndsz :
At x == 0.39999972754492774‘', step size is effectively
zero; singularity or stiff system suspected.

NDSol ve: : ndsz :
At == 0.09999968741677946', step size is effectively
zero; singularity or stiff system suspected.

General ::stop: Further output of

NDSol ve: :ndsz will be suppressed during this cal cul ation.
{{{y > Interpol ati ngFunction[{{-1., 0.9}}, <>]}},
{{y » InterpolatingFunction[{{-1., 0.9}}, <>]}},
{{y > Interpol ati ngFunction[{{-1., 0.9}}, <>]}},
{{y > Interpol ati ngFunction[{{-1., 0.9}}, <>]}},
{{y » InterpolatingFunction[{{-1., 0.9}}, <>]}},
{{y > Interpol ati ngFunction[{{-1., 0.7}}, <>1}},
{{y > Interpol ati ngFunction[{{-1., 0.4}}, <>]}},
{{y » InterpolatingFunction[{{-1., 0.0999997}}, <>]}},
{{y > Interpol atingFunction[{{-0.2, 0.9}}, <>]}1,
{{y > Interpol ati ngFunction[{{-0.5, 0.9}}, <>]}}}
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p4 =Pl ot [y[x] /. nsol 4, {x, -1, 1}1;
Show[p4, vf[-2, 1], Pl otRange » {-2, 1}, nyPl ot Opti ons]

I nt er pol ati ngFuncti on: : dnval
I nput value {-0.999959} |lies outside the range of data in
the interpolating function. Extrapolation will be used.

nt er pol at i ngFuncti on: : dnval
| nput value {-0.999959} lies outside the range of data in

the interpol ating function. Extrapolation will be used.
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Auch in der symbolischen Lésungsschar gibt es Losungen, welche durch y[0]=c gehen. Wir bestimmen zunachst den Zusammenhang zwischen c und C[1],
siehe auch Notebook solve.nb

Cl ear [c]
u =y0[0]
csol =Sol ve[u[0, 17[c] == ul], C[111]

1 1
I nver seFunct i on{Log[l+Hl] 2 (1enl) 4 o (1+u1>2&} b (3-2i7+2C[1])

{{C[l] e% (—6—20+Cz+21'17T+2LOg[1+C})}}

Die numerische Auswertung wird von Mathematica verweigert, da jeder solche Funktionswert einen Aufruf von FindRoot bedeutet. Das kann selbst
"nachgeristet" werden.
Da InverseFunction schreibgeschitzt ist, ersetzen wir diesen Funktionsnamen durch einen anderen und definieren zugleich eine Funktionenschar y; [c][x],

wobei jede Funktion y;[c] eine Lésung von eqn mit y;[c][0] = c ist.
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G ear [y1l]
yl[c_1[x_]1 =y0[x] /. csol [1] /. I nverseFuncti on » | nvFct

1
I nvFct [Log[1+1:tl} 2(1enl) s o (1+n1>2&H

(-3-2c+c?+2in-2x-x*+2Log[l+c] 72Log[71+x])}

N| -

Und nun definieren wir eine Regel, die InvFct[f] mit numerischen Argumenten wirklich numerisch auswertet.

I nvFct [f _Function] [X_?NunericQ] : = Modul e[{y},
y /. FindRoot [f [y] == N[x1, {y, 1.}11]

Die Wertetabelle sieht plausibel aus.

Gid[Table[{x, y1[4]1[Xx]}, {X, -2.4, 0.9, 0.2}] // Chop, Alignnent ->"."]

-2.4 3.41672
-2.2 3.53549
-2. 3.63696
-1.8 3.723
-1.6 3.79511
-1.4 3.85449
-1.2 3.90217
-1.  3.93909
-0.8 3.96614
-0.6 3.98434
-0.4 3.99485
-0.2 3.99927
0 4.

0.2 4.00098
0.4 4.00962
0.6 4.04232
0.8 4.14959

Achtung: Fur x=1 wertet das Argument B von InvFct[A][B] zu c aus und die InvFct-Regel wird nicht angewendet.

y1l[4][1]

1
InvFct [Log[l+51] -2 (1+nl) + 5 (1+11)2 &| [w]

Selbst eine grafische Darstellung kann man aus diesem Weg generieren.
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Pl ot [y1[4]1[x], {x, -1, 1.2}]

Statt einzelner Graphen kann auch eine ganze Funktionenschar untersucht werden.

Im Bereich 1.3 < ¢ < 4 zeigen die so gewonnenen Lésungskurven ein reguléres Verhalten ...

p5 = Pl ot [Eval uate[Tabl e[yl[c] [x], {c, 1.3, 4, .3}11, {x, -1, 1}71;
Show[p5, vf[1l, 5], nyPl ot Opti ons, Pl ot Range » {1, 5}]
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Bl > s e e > - - > > » »
o > > > e o e - > » >
| S S R > > > > > > »
[ N ey sams = = ) > = » >
2L
_v-w > ) 23 ) 23 ) 3 > ) o4 > 4
:v- > > > > > v Y|
1 » » » Land > ad > v A 1
-1. -0.5 0 0.5 1

Fir c<1 wird das Geschehen insbesondere unterhalb der y-Achse chaotisch; FindRoot kann sich nicht fiir eine stetig variierende Nullstelle entscheiden.
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p6 = Pl ot [Eval uate[Tabl e[yl[c][x], {c, -1, 1, .21}1], {x, -1, 1}1;
Show[p6, vf [-3, 3], nyPl ot Opti ons, Pl ot Range » {-3, 3}]

Fi ndRoot : : nl num:
The function value {Indeterm nate} is not a list of nunbers
with dinensions {1} at {y$106762} = {-1.}.

Fi ndRoot : : nl num:
The function value {Indetermnate} is not a list of nunbers
with dinensions {1} at {y$106775} = {-1.}.

Fi ndRoot : : nl num:
The function value {Indeternmnate} is not a list of nunbers
with dinensions {1} at {y$107147} = {(-1.}.

General ::stop: Further output of FindRoot::nlnum
will be suppressed during this calculation.

Fi ndRoot: : | stol :

The line search decreased the step size to within tol erance
specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the nerit
function. You may need nore than Machi nePreci sion
digits of working precision to neet these tol erances.

Fi ndRoot: : | stol :

The line search decreased the step size to within tol erance
speci fi ed by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the nerit
function. You may need nore than Machi nePreci sion
digits of working precision to neet these tol erances.

Fi ndRoot: : | stol :

The |ine search decreased the step size to within tol erance
specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit
function. You may need nore than Machi nePreci sion
digits of working precision to neet these tol erances.

General ::stop: Further output of FindRoot::Istol
will be suppressed during this calculation.

Power::infy: Infinite expression 0 encount er ed
Power::infy: Infinite expression 0 encount er ed

Power::infy: Infinite expression 0 encount er ed

General ::stop: Further output of
Power::infy will be suppressed during this calcul ation.
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p7 = Pl ot [Eval uate[Tabl e[yl[c][x], {c, -.9, -.1, .1}1], {X, -1, 1}, PlotStyle -> Thick];
Show[p7, vf [-3, 3], nyPl ot Opti ons, Pl ot Range -» {-3, 3}]

Fi ndRoot : : nl num:
The function value {Indeternmnate} is not a list of nunbers
with dinensions {1} at {y$173351} = {(-1.}.

1
Power::infy: Infinite expression 0 encount er ed

Power::infy: Infinite expression 0 encount er ed

Power::infy: Infinite expression 0 encount er ed

General ::stop: Further output of

Power::infy will be suppressed during this calcul ation.
3 > > »e > > > > » » »e »e » »* v
-P' ) d ) ad ) ad ) ad ) ad ) ad e e e ) ad ) d
2:_» > > > > > > > > » » o
> > ) > > ) > > > > ) »*
o Lo T T T B R
1;' » » > > > lad L d > > e
ey ¥ o e

0
-1F »
- > > > » > > > > > > » > > a,
e > > > > > > > > > = > e | a,
_2;- > > > > > > > > > > e B - A,
a3 > > > » > > > > > > > ) 2 ) 8 A,
-3 e e e e e e e | e e e By e - A |
-1 -0.5 0 0.5 1

Mit c=-1 kann unser InvFct gar nichts anfangen, da —co nicht die Eigenschaft NumericQ (und auch nicht NumberQ ) hat.

Fir c<-1 findet FindRoot Nullstellen mit imaginarem Anteil, geht also auf ein anderes Blatt der Log —Funktion. Auch y3[c][0] ergibt nicht mehr c.
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y1[-1]1[0]
y1l[-1.2]1[0]
Table[yl[-1.2][x], {x, -3, 1, 0.3}] //N

1
InvFct [Log[l+51] -2 (1 +nl) + 5 (1+11)2 & [-]

2.47112 +1.80895 1

{1. 8579 + 2. 76559 1, 1.95156 + 2. 552251, 2. 0499 + 2. 36421 1,
2.14771 +2.20488 1, 2.23905+2.07556 1, 2.31852 + 1. 97543 1,
2.38224 +1.90218 1, 2.42821+1.852751, 2.45639 +1.82374 1, 2.46894 +1.81112 1,
2.47112 +1.808951, 2.47457 +1.80551 1, 2.51184 +1.7693 1, 2.78425 +1.54366 i}

n=7;
ansatz = Sum[a; x', {i, 0, n}] +O[x, o+t
eqnl =eqgn /. {y[X] » ansatz, y’' [X] » D[ansatz, x]}

ag+aiXx+arx2+azxd+asx? +asx®+agx®+arx’ +0O[x]®

—ajap + (a%al—Zaoaf—Za(%ag)X+
(1+acaf-4aparaz-a; (@i +2apaz) +ag (L+aj+2apaz) -3ajas) x? +
(acaraz-2a; (a§+2aoa2> +a1 (1+a§+2aoaz) -
6agaias-a; (2ajaz+2apas) +ao (3azaz+3apas) -4ajas) x3+
(a2 (1+a§+2aoa2> +apaias -3 (a§+2aoa2)a372a2 (2a;a, +2apaz) +a; (3a;ax +3agaz) -
8apga;as -a; (a§+2ala3+2aoa4) +ag (2a§+4a1a3+4aoa4) —5a3a5)x4+
((1+a§+2aoa2)a373a3 (2a;ax+2agag) +ap (3aiax+3agaz) +agas as -
4 (af+2aoa2)a4—2a2 (a§+2a1a3+2a0a4) +ag (2a§+4a1a3+4a0a4) -
l0apaias-a; (2aaz+2aias+2apas) +ag (5arag+5ay a4 +5apas) 76aéa6)x5+
(a3 (3ayax +3agas) + (1+a§+2aoa2) as-4 (2ayax +2apas) a4 -
3as (a§+2a1a3+2aoa4) + az (2a§+4a1a3+4a0a4) +apaias -5 (a§+2aoa2)a5—
2a; (2apaz+2ayas+2apas) +a; (baaz+5aias+5agas) -12apai ag -
a; (a§+2a2a4+2a1a5+2a0a6) +ag (3a§+6a2a4+6a1a5+6a0a6) —7a§a7>x6+0[x}7:

eqn2 = Coef fi ci ent Li st [Normal [First [eqnl]], X]

{—aéal, ada; -2apaj-2ajay,
l+apa?-4agayap-a; (a§+2aoa2) +ag (l+a§+2aoa2) -3ajas, agaiax-2ax (a§+2aoa2) +
a; (1+a§+2a0a2) -6apajaz-a; (2ajaz+2apaz) +ap (3a;az +3apaz) -4ajay,
as (1+a§+2aoa2) +apaias -3 (a§+2a0a2) az-2a, (2ajap, +2apas) +ai (3aya +3apas) -
8apa;as - a1 (a§+2a1a3+2aoa4) +ag (2a§+4a1a3+4a0a4) -5aj as,
(1+a§+2aoa2)ag—3a3 (2a;a, +2apag) +a; (3agar +3apgag) +apgag as -
4 (a§+2aoa2)a472a2 (a§+2a1a3+2a0a4) +ag (2a§+4a1a3+4a0a4) -
1l0apajas-a; (2aaz+2ajag+2apas) +ag (bazaz+5aias +5apas) 76a5a6,
az (3a;ax +3agasg) + (1+a§+2aoa2)a4—4 (2ayay +2agas) as -
3a; (a§+2a1a3+2a0a4) +ap (2a§+4a1a3+4aoa4) +agaias -5 (a§+2aoa2)a5f
2a; (2aaz+2ayas+2apas) +a; (baaz+5aiag+5apas) -12apa ag -
a; (a§+2a2a4+2a1a5+2a0a6) +ag (3a§+6a2a4+6a1a5+6a0a6) 77a5a7}
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sol 2 = Sol ve[eqn2 ==0 A ag # 0]

Sol ve: :svars:
Equati ons may not give solutions for all "solve" variabl es

-14-2lap-7a3+12aj +12a}

(for- ,

84 aj
-2-3ap-a}+3as+3ad 1 +ag 1+ag 1+ag
ag — , as - , g > , az - , a» - 0, aleO}}
18 a3 5 a3 4 a3 3 a3

s =ansatz + O[x, 01" /. sol 2

(L+ap) X3 (L+ap)x* (L+ag)x5 (-2-3ap-aj+3ag+3ag)x° ,
{ao+ + + + +O[x] }
3 a3 4 aj 5 a3 18 a3

Hier also die gefundene Potenzreihenlésung ohne den O—Term, wieder in der Notation als Funktionenschar.

Cl ear [y2]
y2[c_1[Xx_] = (s[11 /. ap »c) // Nor mal

(L+c)yx3 (1+c)x* (1+c)x® (-2-3c-c2+3c3+3c*) xb
C + + + +

3c? 4 ¢c2 5c¢2 18 ¢®

In diesem Fall ist auch eine symbolische Probe mdglich.

eqn /. {y[x] ->s, y' [Xx] ->DI[s, X1}

{o[x]°} =0
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{X! _1! l}]v
{X, _1! 1]’]:

-3}11,

12311,

) ——

7

) =

)
) 5

Pl ot [Eval uat e[Tabl e[y2[c] [x], {c, 1.3, 5,
Pl ot [Eval uat e[Tabl e[y2[c] [x], {c, -1, 1,

A*

I O W |
L
111
IS o e W
N S W |
1111 |

#

i
U
1 k1

Show[p8, vf [1, 5], nyPl ot Opti ons]
Show[p9, vf [-3, 5], nyPl ot Opti ons]

p8
p9

dgl.nb
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pl0 = Pl ot [Eval uate[Tabl e[y2[c] [x], {c, -4, -1, .3}]11, {x, -1, 1}1;
Show[p10, vf [-5, -1], nyPl ot Opti ons]

-1.0F
-HW
*1-5__% o S e S *N
:,; —- - > > > > e > e > > = —- \
-2.0F
[ o > > > > > > > E - = - \
T = > — > > > > > B > o o = ~
-2.5F AN
- > > > > > > > o o > > - E S N
_3.0F>»> > > > > > > > > > > > > = -~
F= > > > > > > > > > > > > = L
73'5__—> = = = > > > > > > = > = s
(> > > > > > > > > > > > > - x
_4.0F
:I—> - = = = = = = —»WI
-1 -0.5 0 0.5 1.

m Noch ein Beispiel

eqn=x3y’ " [x] +3x%2y’ [X] +Xy[X] =6 Log[x]

Xy [X]

Die exakte Lésung

+3x%2y [x] +x3y” [x] =6 Log[xX]

sol =DSol ve[eqn, vy, X]

HyeFunction {X}, ” +

C[1] C[2]Llog[x] Log[x]?
e 1}
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Pl ot [Eval uate[Tabl e[y [x] /. sol [1] /. {C[1] » 3, C[2] » c}, {c, O, 3, .7}11, {xX, O, 2}]

Entwicklung der exakten Lésungen als Potenzreihe in der Umgebung von x=1 fur y[1]=3.

Cl ear [y1]
yl[c_]1[x_] =Series[y[x] /. First[sol], {x, 1, 5}] /. {C[1l] >3, C[2] »c+3}//Sinplify
3+c 1 3 (1+c 1)2 T He 1)3
X-1) - — X - — X -
+C ( ) > +C) ( )+ 2+ 6 ( )7+

1 4 1 5 6
— (-69-25¢) (x-1)"+ — (486+137c) (x-1)>+0O[x -1]
12 60

Dieselbe Lésungsschar naherungsweise Uber einen Potenzreihenansatz.

n=>5;
ansatz =3 +Sum[a; (x-1)', {i, 1, n}]+O[x, 11"

3+ar (X-1)+a; (x-L)2+az3 (x-1)%+as (x-L)*+as (x -1)°+0[x -11°

eqnl = (eqn[l] /. {y[Xx] » ansatz, y’ [X] » D[ansatz, x], y'' [X] » D[ansatz, X, X]}) -
Series[egn[2], {X, 1, n-2}]

(3+3a3+2a) + (-3+7a;+12a,+6az) (x-1) +
(3+4a,+19a,+27az+12a4) (x -1)%2+ (-2+9a,+37az+48as+20as) (x -1)3+0O[x - 114

sys = Coef fi ci ent Li st [Nor mal [eqnl], x]
{11 - 16 a3 - 36 a4 - 20 as,

-3+7a;+12a,+6az3-2 (3+4a;+19%9a, +27az+12ay) +3 (-2+9a, +37az+48a4 +20as),
3+4a;+19a,+27az+12a4-3 (-2+9a, +37az3+48a4+20as), -2+9a, +37az+48a4 +20as}
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| sol =Solve[sys =0, Table[a;, {i, 2, n}]]
Ha 3(1 ai), a 1(21 11a;), a ! (-69-25a,), a ! (486 137a>}}
- - = + , - — + , - — (- - s - — +
2 2 1 3 6 1 4 12 1 5 60 1
y2[c_]1[x_] =ansatz /. First[lsol] /. a1 »c

3 1
3+c(x-1)—5(1+c) (x-1)2+€(21+11c) (x -1)%+

1 4 1 5 6
. (-69-25¢c) (X -1)*+ — (486 +137¢c) (x-1)°+0O[x - 1]
12 60

Beides sind dieselben Lésungen.

yllcl[x]-y2[c][x]

O[x—l}6



